4.1
Concept of Complex Numbers
Learning Objectives:

¢ Tointroducethe concept of a complex numbers through
real numbers and the imaginary unit

¢ Todefinethe conjugate of a complexnumber

AND

e To practice the related problems

Imaginary Numbers

The equation
x>?4+9=0 )

hasno real number solutions because the square of a real
numberis always positive. The solution of this equationis

given by
x=vV-9=+v-1-9=+/-1-3=3-4/-1

The square root of a negative number, such asv—1,v—5,

is called an imaginary number. We may write v —5 as
v/5-+v/—1.Itis convenient to introduce the symbol
i =+/—1 and write V—5=4/5- =1 = iv'5 . Then the

solution of the equation (1) is given by
X=3j
The symbol i has the property i? = —1. Itis the solution

ofthe equation
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For higherintegral powers of i we have
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We note that i"™ has only four possible values: 1,1, —1, —I.
They correspond to values of n which divided by 4 leave

the remainders 0,1,2,3.
Complex Numbers

An expression x + iy is called a complex number where x
and y are real numbers and i is the imaginary unit with

the property i = —1.

If z=x + iy, then the first term x is called the real part
of the complex number z, denoted by Re(z) and y is

called the imaginary part of z denoted by Im(z).

If x = 0, the numberissaid to be purely imaginary;

if v =20,itisreal.

Zero is the only number which is at once real and purely

imaginary.

Complex numbers may be thought of as includingall real
numbers. For example, 8 can be written as 8 + 0i. The
real numbers occur when y = 0. When y # 0, we have
complex numbers.



A complex number is denoted by z and the set of all
complex numbersis denoted by C.

Thus, C={zzz=x+iy;xyeR,i=+-1}

Two complex numbers are equal if and only if they have
the same real part and the same imaginary part. Thus, the
equality of two complex numbersa + ib and ¢ + id
implya = cand b =d.

Example: Findx and y if 3x +4i = 12 — 8yi.

Solution When two complex numbers are equal, their real
parts are equal and theirimaginary parts are equal.

Jx=12 , 4=-—8y

Example:Findx andyif(4x —3)+7i =5+ 2y — 1)i ..
Solution Equatingthe real and imaginary parts,

¥R =0, 20 —=1=

—>4x =8 , 2y =

=»x=2 , y=4

Conjugate of a complex number:

The conjugate of a complex number a + iff is the complex
number a — i3, obtained by replacing i by —i. The

process of replacing i by —i is called complex conjugation.
Forexample, 2 — 3i isthe complex conjugate of 2 + 3i.
The complex conjugate of a complex number z is denoted
byZ.If z=x+1iy thenZz = x — iy.Notice that
z=x+iy=>Z=x—1iy=>Z=x+iy= 2z Thus,

Z—=zforall zeC(.



Pl:

W
Find the product of -1, 2i and (_E :'.) .



Solution:

: 0B
We have, -1, 2i and (— 5 i.)

(—:)(21)(——1)3=2>< L xS = L x(i)2xi=—i

8X38x3 25 256



P2:

If 4x +i(3x —y) =3 — 6i, where x and y are real

numbers, then find the values of x and v.



Solution:
We have, 4x +i(3x —y) =3 — 6i

Two complex numbers are equal if their real and imaginary

parts are equal.

Thus, 4x =3 and 3x—y= -6

3 33
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P3:

Evaluate (77 4 i*% 480 ¥11)2,



Solution:

We have, (i%?? - 1709 4 ()
= ((419F1 41742 4 j42143 4 j4-103+2)3
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P4:

Evaluate 140 408000 i



Solution:
B e e e o
= {12 01+ 995 5t Lo (129928 2P

= ({415 + E0 3+ PO -~ D7) 1

=i*% =1



IP1:

Evaluate 13744884429 4 110

Solution:

We have,

I‘_élﬂ} ¥y I-_E-B A I-_B‘} i I-_llD

i4'12+1 5 I'.ii-'l?-i-'l:l' i i4'22+1 ik I'.ii-'E?-FE
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IP2:

If (2x —y)+i=3—i(2y — x), then find the values of x and
y.

Solution:

We have (Z2x —y) +i =3 —i(2y — x)

Comparingthe real and the imaginary parts on both sides, we

get

and i it = [ (2)

W | wn

Solving (1) and (2), weget x = -,y = %



IP3:

Evaluate

i) (—\/—_1)4n+3 ,neN

N e g R el
Solution:
) (=) = (0 =m0
=i Py =1 X~ =
i) it M T = (1 i+ 0%+ 00)
—q™ 1 +i—1—-i)=0



IP4:
Evaluate 1 +i? +i* +i® 4 -+ i??
Solution:
S S Y
=1+ + G+ + 08+ i1 + - + (1% +i8)
2 gt e
= (1 D)+ %1 ¢ D)+ QPO el (I eid)
+i?%(1 4+ i%)

Note:

0, if nisodd

1+F+¢4+ﬁ+~~+ﬁﬂz{ aliris
1, if nisevn



1. Evaluate the following:

8. it
b, %
c. it
d f135
o 5009
.37 , 1
£ I —I_I‘E?
9
.41 1
g (I' +525?)

h id_-";*_l_iﬁa_l_ I‘B‘}_I_ I"ll'[]'
I..EID 1 I‘_Eﬂ' o ilEﬂ'

55924_1‘.59#} +ESEE+ESEE +f.534

). 1582 47580 4 ;5784 {576 4 {574

(004 ()



2. Find x and y such that 2x — iy =4 4 3i



3, Find the complex conjugate of z = a + 2i + 3ib.



